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Sreelakshmi N∗, Sudheesh K Kattumannil∗∗,† and Rituparna Sen∗∗
∗Indian Institute of Technology, Chennai, India.
∗∗ Indian Statistical Institute, Chennai, India.
Abstract. Widely used income inequality measure, Gini index is ex-
tended to form a family of income inequality measures known as Single-
Series Gini (S-Gini) indices. In this study, we develop empirical likeli-
hood (EL) and jackknife empirical likelihood (JEL) based inference for
S-Gini indices. We prove that the limiting distribution of both EL and
JEL ratio statistics are Chi-square distribution with one degree of free-
dom. Using the asymptotic distribution we construct EL and JEL based
confidence intervals for realtive S-Gini indices. We also give bootstrap-
t and bootstrap calibrated empirical likelihood confidence intervals for
S-Gini indices. A numerical study is carried out to compare the perfor-
mances of the proposed confidence interval with the bootstrap methods.
A test for S-Gini indices based on jackknife empirical likelihood ratio
is also proposed. Finally we illustrate the proposed method using an
income data.
Key Words: Gini index; S-Gini index; Empirical likelihood; Jackknife
empirical likelihood; U-statistics.
1. Introduction
Several indices of economic inequality, compatible with suitable axioms, have
been proposed in the literature. For more than one century GMD and its
derived measures (such as Gini index) celebrate a prominent role in the
† Corresponding author E-mail: skkattu@isichennai.res.in.
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2area of measurement of income inequality. Gini mean difference is extended
to form generalized families which vary in their properties and one such
family is S-Gini family (Yitzhaki and Schechtman, 2013). In this article,
we discuss statistical inference associated with Single-Series Gini (S-Gini)
family. We refer to Donaldson and Weymark (1980), Yitzhaki(1983), Zitikis
and Gastwirth (2002), Zitikis (2003) and Barret and Donald (2009) and the
references therein for the discussion on inference about S-Gini indices.
Finding simple reliable estimators of different income inequality measures
and obtaining a consistent estimator for their asymptotic variance are im-
portant topic of research. Many authors discussed the estimation of income
inequality as well as poverty measures based on theory of U-statistics. For
review of U-statistics based estimators see Formby et al. (2001) and Xu
(2007). Xu (2000) explained the estimation of asymptotic variance of gener-
alized Gini indices using iterated bootstrap method proposed by Hall (1992).
Zitikis (2003) obtained a plug in estimator for S-Gini index and showed that
the estimator is consistent and has asymptotic normal distribution. Giorgi
et al. (2006) studied the asymptotic distribution of the plug-in estimators of
S-Gini indices and noted that bootstrap based confidence interval perform
better than normal approximation interval. Barret and Donald (2009) ob-
tained an estimator of S-Gini index and studied its asymptotic properties
using influence function. Demuynck (2012) proposed an unbiased estimator
for absolute S-Gini indices and studied asymptotic properties of the estima-
tor using theory of combinatorics.
It is important to find the confidence interval for poverty and inequality
measure to compare these measures in different population of interest. Em-
pirical likelihood based confidence interval and likelihood ratio test (Owen
1988, 1990) received much attention recently. Qin et al. (2010) obtained
an empirical likelihood confidence intervals for the Gini measure of income
3inequality and showed that the intervals based on normal or bootstrap ap-
proximation are less satisfactory than the bootstrap calibrated empirical
likelihood ratio confidence intervals for small or moderate sample size. Peng
(2011) also independently discussed the empirical likelihood inference for
Gini index and showed that the bootstrap calibration of the empirical like-
lihood method perform better than the some other bootstrap methods. Qin
et al. (2013) discussed empirical likelihood-based inferences for the Lorenz
curve. They obtained the profile empirical likelihood ratio statistics for the
Lorenz ordinate under the simple as well as the stratified random sampling
designs. Lv et al. (2017) obtained a bootstrap-calibrated empirical like-
lihood confidence intervals for the difference between two Gini index. In
this work, first we obtain empirical likelihood based confidence interval for
relative S-Gini indices.
Implementation of empirical likelihood method is difficult when the maxi-
mization involve non-linear constraints. Motivated by this, Jing et al. (2009)
proposed jackknife empirical likelihood (JEL) inference for obtaining confi-
dence interval of a desired parametric function. They illustrated the JEL
method using one as well as two sample U-statistics. Wang et al. (2016)
proposed a jackknife empirical likelihood based confidence interval for the
Gini index. Wang and Shao (2016) derived the jackknife empirical likelihood
for the difference of two Gini indices for dependent and independent data.
Recently, Lou and Qin (2018) obtained a kernel smoothing estimator for
the Lorenz curve and developed a smoothed jackknife empirical likelihood
method for constructing confidence intervals of Lorenz ordinates. Sang et
al. (2019) developed JEL based test for testing the equality of Gini correla-
tion. In this work, we obtain a novel U-statistics estimator for S-Gini indices
which allows direct utilization of the jackknife empirical likelihood without
involving any nuisance parameter.
4The rest of the article is organized as follows. In Section 2 we derive
empirical log likelihood ratio statistic for relative S-Gini indices and prove
that its limiting distribution is chi square distribution with one degree of
freedom. In Section 3, we obtain an estimators for S-Gini indices based
on U-statistics and study its asymptotic properties. Making use of this we
propose a jackknife empirical likelihood based confidence interval for relative
S-Gini indices. In Section 4, we report the result of a numerical study done
to evaluate the performances of the proposed confidence intervals. We also
evaluate the performance of the jackknife empirical likelihood ratio test. We
illustrate our method using per capita personal income of the United States
and the result is reported in Section 5. We conclude our study in Section 6.
2. Empirical Likelihood Inference for Relative S-Gini indices
In this section, we construct an empirical likelihood based confidence interval
for relative S-Gini index. First we review the concept of Gini index and its
variant. Let X be a non-negative random variable with absolute continuous
distribution function F (.) and finite mean µ = E(X). Lorenz curve is defined
as
L (p) =
1
µ
∫ F−1(p)
0
tdF (t), (1)
where p = F (x) and F−1(p) is the p-th quantile of X. The function L is
non-decreasing and convex which maps on to the interval [0, 1]. Gini index
is defined as twice the area between Lorenz curve and the line of equality. It
is given by
G = 1− 2
∫ 1
0
L(p)dp. (2)
Thus G measures an extend to which the distribution of income among
individuals within an economy deviates from perfectly equal distribution.
5Gini index can be expressed in terms of covariance between X and F (X) as
G =
2
µ
Cov (X,F (X)) . (3)
Suppose the random variables X1 and X2 are distributed as F . Gini mean
difference (GMD) is defined as the expected absolute difference between X1
and X2. That is
GMD = E|X1 −X2|.
Making use of the identity |X1 − X2| = 2max(X1,X2) −X1 − X2, we can
express GMD as
GMD = 4Cov (X,F (X)) . (4)
In view of (3), Gini index can be express as
G =
GMD
2µ
. (5)
Several income inequality measures are derived from GMD by taking dif-
ferent weights at the expectation and one among them is S-Gini family of
indices. We refer to Yitzhaki and Schechtman (2013) for more details about
Gini based parameter. The advantage of having S-Gini family is that the
evaluation of robustness of result can be done by knowing one member of
that family (Barrett and Donald, 2009). The absolute and relative S-Gini
indices are defined, as
Sν = −νCov
(
X, F¯ ν−1X (X)
)
; ν > 0, ν 6= 1 (6)
and
Rν =
−ν
µ
Cov
(
X, F¯ ν−1X (X)
)
; ν > 0, ν 6= 1, (7)
respectively, where F¯ (x) = 1 − F (x) is the survival function of X at x.
Suppose X(i) denotes the i-th order statistic based on a random sample
X1,X2, . . . ,Xn; from F . The plug-in estimator of absolute Gini indices is
6given by
S˜ν =
1
n
n∑
i=1
Xi −
n∑
i=1
(n− i+ 1)ν − (n− i)ν
nν
X(i). (8)
Hence the plug-in estimator of relative S-Gini indices is given by
R˜ν = 1−
[
n∑
i=1
Xi
]−1 n∑
i=1
(n− i+ 1)ν − (n− i)ν
nν−1
X(i). (9)
We use above estimators to obtain the empirical likelihood based confidence
interval for Rν . Next, we develop EL based confidence interval of relative
S-Gini index.
Recalling the definition given in (7), we have
Rν =
−ν
µ
Cov
(
X, F¯ ν−1X (X)
)
=
−ν
µ
∫ ∞
0
(x− µ)F¯ ν−1(x)dF (x). (10)
Hence relative S-Gini index can be expressed as
Rν =
E
[
(1− νF¯ ν−1(X))X]
E(X)
. (11)
We use the identity given in (11) to obtain the estimating equation that can
be used to construct empirical likelihood of Rν . Using a random sample
X1,X2, ...,Xn; from F , the empirical likelihood for Rν is defined as
EL(Rν) = sup
p
(
n∏
i=1
pi;
n∑
i=1
pi = 1;
n∑
i=1
piC(Xi, Rν) = 0
)
,
where p = (p1, p2, ..., pn) is a probability vector and
C(Xi, Rν) =
[
1− νF¯ ν−1(Xi)
]
Xi −RνXi; i = 1, 2, ..., n.
Since above equation depends on unknown F¯ (.), we replace F¯ (.) by F¯n(.),
the empirical survival function of X. Hence the profile empirical likelihood
7for Rν is given by
EL1(Rν) = sup
p
(
n∏
i=1
pi;
n∑
i=1
pi = 1;
n∑
i=1
piĈ(Xi, Rν) = 0
)
,
where
Ĉ(Xi, Rν) =
[
1− νF¯ ν−1n (Xi)
]
Xi −RνXi; i = 1, 2, ..., n.
By Lagrange multiplier method, the maximum occurs at
pi =
1
n
(
1 + λĈ(Xi, Rν)
)−1
, i = 1, 2, ..., n,
where λ is the solution of
1
n
n∑
i=1
Ĉ(Xi, Rν)
1 + λĈ(Xi, Rν)
= 0.
Also note that,
n∏
k=1
pi, subject to
n∑
i=1
pi = 1, attains its maximum n
−n at
pi = n
−1. Hence, the empirical log likelihood ratio for Rν is given by
L(Rν) = 2
n∑
i=1
log
[
1 + λĈ(Xi, Rν)
]
.
The following theorem explains the limiting distribution of L(Rν).
Theorem 1. Let h1(x) = xF¯
ν−1(x)+(ν−1) ∫ x0 yF¯ ν−2(y)dF (y) and assume
that E(h21(X)) < ∞. As n → ∞, the distribution of L(Rν) is a scaled chi-
square distribution with one degree of freedom. That is,
L(Rν)
d−→ σ
2
2
σ21
χ2(1),
where
σ21 = V ar[(1− νF¯ ν−1(X)−Rν)X]
and
8σ22 = V ar[(1− 2h1(X) −Rν)X].
Proof. Using the distribution function of min(X1,X2, . . . ,Xv), it is easy to
verify E(h1(X)) = E(νXF¯ (X)). Consider
1√
n
n∑
i=1
C(Xi, Rν) =
1√
n
n∑
i=1
(
(1− 2h1(Xi)−Rν)Xi + E(h1(X))
)
+ op(1).
Therefore by central limit theorem, as n→∞
1√
n
n∑
i=1
C(Xi, Rν)
d−→ N(0, σ22).
Since E
(
(1− νF¯ (X)−Rν)X
)
= 0, we have σ21 = E
(
(1− νF¯ (X)−Rν)X
)2
.
By law of large number, as n→∞
1
n
n∑
i=1
C2(Xi, Rν) =
1
n
n∑
i=1
(
(1− νF¯n(Xi)−Rν)Xi
)2
= σ21 + op(1).
Therefore, by using Slutsky’s theorem, as n → ∞, the empirical log likeli-
hood ratio
L(Rν) = 2
n∑
i=1
log
[
1 + λĈ(Xi, Rν)
]
=
[
1√
n
∑n
i=1 Ĉ(Xi, Rν)
]2
1
n
∑n
i=1 Ĉ
2(Xi, Rν)
+ op(1)
d−→ σ
2
2
σ21
χ2(1).

Using the asymptotic distribution of empirical log likelihood ratio, we can
construct EL based confidence interval for relative S-Gini indices. Let σ̂21
and σ̂22 be the plug in estimators of σ
2
1 and σ
2
2 , respectively. For 0 < α < 1,
a (1 − α) level empirical likelihood based confidence interval for Rν can be
obtained as (
Rν : L(Rν) ≤ σ̂
2
2
σ̂21
χ21−α(1)
)
,
9where χ21−α(1) is the upper α percentile of chi-square distribution with one
degree of freedom.
3. JEL based inference of relative S-Gini indices
The empirical likelihood can be implemented easily when we are maximizing
a non-parametric likelihood subject to a set of linear constrains. However,
maximization involving nonlinear constrains are computationally difficult.
For example, if an estimator is a U-statistic with a kernel of degree 2 we need
to consider constrains in quadratic form to maximize the non-parametric
likelihood. In this scenario JEL is better alternative for empirical likelihood.
In this section, we develop jackknife empirical likelihood based confidence
interval for relative S-Gini indices. We also develop a jackknife empirical
likelihood ratio test for testing Rν = R0, where R0 is a real number belongs
to the interval [0, 1]. Accordingly, first we obtain an estimator of Rν and
discuss its properties.
Using equation (6), we can express absolute S-Gini index as
Sν = µ− E [min (X1,X2,X3, ...,Xν)] ,
provided ν is an integer. Suppose X1,X2, ...,Xn are n(≥ ν) independent
and identically distributed samples from F . Define a symmetric kernel h(.)
of degree ν as
h (X1,X2, ...,Xν ) =
X1 +X2 + ...+Xν − νmin (X1,X2, ...,Xν)
ν
. (12)
An unbiased estimator of absolute S-Gini index based on U-statistic is given
by
Ŝν =
1(
n
ν
)∑
(nν)
h (Xi1,Xi2, ...,Xiν) , (13)
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where the summation is over the set
(
n
ν
)
of all combinations of ν integers,
i1 < i2 < ... < iν chosen from (1, 2, ...n). When ν = 2, in terms of order
statistics we have the following equivalent expression
n∑
i=1
n∑
j=1,j<i
min{Xi,Xj} =
n∑
i=1
(n− i)X(i).
And for ν=3, we obtain
n∑
i=1
n∑
j=1,j<i
n∑
k=1,k<j
min{Xi,Xj ,Xk} =
n∑
i=1
(n− i− 1)(n − i)X(i)
2
=
n∑
i=1
(
n− i
2
)
X(i).
In general, the estimator of absolute S-Gini index given in (13) can be ex-
pressed as
Ŝν =
1(n
ν
) {(n− 1
ν − 1
) n∑
i=1
Xi
ν
−
n∑
i=1
(
n− i
ν − 1
)
X(i)
}
. (14)
Denote X¯ = 1n
n∑
i=1
Xi. Hence an estimator of relative S-Gini index is the
ratio of two U-statistics given by
R̂ν =
Ŝν
X¯
. (15)
Next we prove the asymptotic properties of the estimators given in (14)
and (15) which we use to prove the limiting distribution of JEL ratio statistic.
First we prove the consistency of the estimators (14) and (15). Since Ŝν is a
U-statistic, as n→∞, Ŝν converges in probability to Sν (Lehmann, 1951).
Theorem 2. As n→∞, R̂ν converges in probability to Rν .
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Proof. By law of large numbers, as n→∞, X¯ converges in probability to µ.
Since the estimator R̂ν can be written as
R̂ν =
Ŝν
Sν
µ
X¯
Sν
µ
,
we have the result. 
Next we obtain the asymptotic distribution of the estimators Ŝν and R̂ν .
Theorem 3. As n→∞, the distribution of √n
(
Ŝν − Sν
)
is Gaussian with
mean zero and variance σ2 where σ2 is given by
σ2 = V
(
X(1− νF¯ ν−1(X)) − ν(ν − 1)
∫ X
0
yF¯
ν−2
(y)dF (y)
)
.
Proof. The asymptotic normality of Ŝν can be proved using central limit
theorem for U-statistics. The asymptotic variance is ν2σ23 (Hoeffding, 1948),
where
σ23 = V ar
(
E
(
h (X1,X2, ...,Xν) |X1 = x
))
. (16)
Denote Z = min(X2,X3, ...,Xν), then the distribution of Z is given by
1− F¯ ν−1(x), where F¯ (x) = 1− F (x). Consider
E [min (x,X2,X3, ...,Xν)] = E [xI(Z > x)] + E [ZI(Z ≤ x)]
= xF¯ ν−1(x) + (ν − 1)
∫ x
0
yF¯
ν−2
(y)dF (y).
Using (12), we have
E
(
h
(
X1, X2, ..., Xν |X1 = x
))
=
1
ν
(
x(1−νF¯ ν−1(x))−ν(ν−1)
∫
x
0
yF¯
ν−2
(y)dF (y)
)
.
Hence , from (16) we obtain the variance expression specified in the theorem.

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Note that, as n → ∞, X¯ converges in probability to µ. Hence by Slutsky’s
theorem, from Theorem 2 we have the asymptotic normality of R̂ν and we
state it as next result.
Corollary 1. As n → ∞, the distribution of √n
(
R̂ν −Rν
)
is Gaussian
with mean zero and variance σ
2
µ2
.
Next, we discuss the construction of jackknife empirical likelihood ratio
for Rν . Let
h˜(X1,X2, ...,Xν ; Rν) =
1
ν
(X1 +X2 + ...+Xν)Rν − h(X1,X2, ...,Xν) (17)
where h(X1,X2, ...,Xν) is given in (12). Since E(h(X1,X2, ...,Xν ; ) = RνE(X)
we have E(h˜(X1,X2, ...,Xν ; Rν)) = 0. Define new estimating equation for
Rv as
R˜ν =
1(n
ν
)∑
(nν)
h˜(X1,X2, ...,Xν ;Rν) = 0. (18)
The importance of the equation (18) is that we can study asymptotic proper-
ties of jackknife empirical likelihood under the framework developed by Jing
et al. (2009). The jackknife pseudo values for Rν are given by
V̂k = nR˜ν − (n− 1)R˜ν,k; k = 1, 2, ..., n,
where R˜ν,k, k = 1, 2, ..., n can be obtained from (18) using (n−1) observations
X1,X2, ...,Xk−1, Xk+1, ...,Xn. The JEL for Rν is defined as
JEL(Rν) = sup
p
(
n∏
k=1
pk;
n∑
k=1
pk = 1;
n∑
k=1
pkV̂k = 0
)
. (19)
The maximum of (19) occurs at pk =
1
n
(
1 + λ1V̂k
)−1
, k = 1, 2, ..., n where
λ1 is the solution of
1
n
n∑
k=1
V̂k
1 + λ1V̂k
= 0, (20)
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provided
min
1≤k≤n
V̂k < R̂ν < max
1≤k≤n
V̂k. (21)
Also note that,
n∏
k=1
pi, subject to
n∑
i=1
pi = 1, attains its maximum n
−n at
pi = n
−1. Hence, the jackknife empirical log-likelihood ratio for Rν is given
by
J(Rν) = 2
n∑
i=1
log
[
1 + λ1V̂k
]
. (22)
To find the JEL based confidence interval, we need to find the limiting dis-
tribution of jackknife empirical log-likelihood ratio statistic and the result is
stated in the following theorem.
Theorem 4. Let g(x) = E
(
h˜(X1,X2, ...,Xν ;Rν)|X1 = x
)
and assume that
E
(
h˜2(X1, ...,Xν ;Rν)
)
<∞ and σ2g = ν2V ar(g(X1)) > 0. Then, as n→∞
J(Rν)
d−→ χ2(1).
Proof. Let S2 = 1n
∑n
k=1 V̂
2
k . Since R˜ν =
1
n
∑n
k=1 V̂k, by strong law of large
number we have
S2 = σ2g + o(1). (23)
Using Lemma A.4 of Jing et al. (2009) we have
max
1≤k≤n
|V̂k| = o(
√
n). (24)
Above two equations yield
1
n
n∑
k=1
|V̂k|3 ≤ |V̂k| 1
n
n∑
k=1
V̂ 2k = o(
√
n). (25)
The λ1 satisfies the equation (20) has the property (Jing et al., 2009)
|λ| = Op(n−
1
2 ). (26)
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Hence using (24) we have
max
1≤k≤n
λ|V̂k| = o(1). (27)
Hence
1
n
n∑
k=1
V̂ 3k λ
2|1 + λV̂k|−1 = o(
√
n)Op(1/n)o(1) = op(1/
√
n).
Since R˜ν =
1
n
∑n
k=1 V̂k, from (20), we obtain
λ =
R˜ν
S2
+ op(1/
√
n). (28)
Using Taylor’s theorem, we can express J(Rν) given in (22) as
J(Rν) = 2nλR˜ν − nS2λ2 +Rim(Rν), (29)
where Rim(Rν) is the reminder term. Using |λ| = Op(n− 12 ) and (25) it is
easy to verify that the reminder term Rim(Rν) is op(1). Hence using (28),
the expression in (29) can be written as
J(Rν) =
nR˜2ν
S2
+ op(1). (30)
Using the central limit theorem for U-statistics, as n→∞, √nR˜ν converges
in distribution to normal with mean zero and variance σ2g . Accordingly
nR˜2ν
σ2g
converges in distribution to χ2 with one degree of freedom. Since S2 =
σ2g + o(1) by Slutsky’s theorem, as n→∞, J(Rν) converges in distribution
to χ2 with one degree of freedom. 
Using Theorem 4, we can constructed a 100(1−α)% JEL based confidence
interval for Rν as (
Rν |J(Rν) ≤ χ21−α(1)
)
,
15
where χ2(1−α)(1) is the (1− α)−th percentile of chi-square distribution with
one degree of freedom. The performance of these confidence intervals are
evaluated through Monte carlo simulation and the results are reported in
Section 4.
Using the asymptotic distribution of jackknife empirical log likelihood
ratio we can develop JEL based test for testing the hypothesis Rν = R0,
where R0 is a specific value of Rν . We reject the hypothesis if
J(Rν) > χ
2
1,1−α,
where α is the desired significance level. Simulation study shows that the
type 1 error rate of the test converges to desired significance level and has
very good power for diffrent alternatives. The results of the related simula-
tion study are also reported in Section 4.
4. Simulation results
The proposed JEL based confidence interval and test are evaluated through
numerical study. We compare the JEL based confidence interval with boot-
strap based confidence intervals and the performance of these confidence
intervals are compared in terms of coverage probability and average length.
To evaluate the JEL based test, we find the empirical type 1 error and the
power of the test. The simulation is done using R and repeated for thousand
times.
First, we investigate performances of the confidence intervals based on
bootstrap-t (Boot_t), bootstrap calibrated empirical likelihood (BCEL) and
JEL methods. For comparison, we consider the BCEL confidence intervals
over empirical likelihood ratio confidence intervals as it suffers from under
16
coverage problems for small sample sizes. We considered thousand bootstrap
replicates to obtain Boot_t and BCEL confidence intervals.
Next, we summarize the procedures for the construction of BCEL confi-
dence interval. The algorithm is given below.
(1) For each bootstrap sample, indexed by b = 1, 2 . . . , B, draw a boot-
strap sample (Xb1,X
b
2, ...,X
b
n) with replacement from the original ran-
dom sample X1,X2, ...,Xn; from F .
(2) Calculate the empirical log likelihood ratio
Lb(Rν) = 2
n∑
i=1
log
[
1 + λbĈ(Xbi , Rν)
]
,
where
Ĉ(Xbi , Rν) =
[
1− νF¯ ν−1n (Xbi )
]
Xbi −RνXbi ; i = 1, 2, ..., n
and λb is the solution of
1
n
n∑
i=1
Ĉ(Xbi , Rν)
1 + λbĈ(Xbi , Rν)
= 0.
(3) Find Iα, the upper 100α% sample quantile of L
1(Rν), L
2(Rν), ..., L
B(Rν).
(4) A (1− α) level BCEL confidence interval of Rν is given by
(Rν |L(Rν) ≤ Iα) .
Next, we discuss discuss the algorithm for obtaining bootstrap_t confi-
dence interval. Using a random sample X1,X2...,Xn; from F , a 100(1−α)%
bootstrap-t confidence interval is
(
R̂ν − T1−α/2ŝe(R̂ν), R̂ν − Tα/2ŝe(R̂ν)
)
,
where T1−α/2, Tα/2 and ŝe(R̂ν) can be computed as outlined below.
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(1) For each bootstrap sample, indexed by b = 1, 2 . . . , B, draw a sample
(Xb1 ,X
b
2, ...,X
b
n) with replacement from (X1,X2, ...,Xn).
(2) Compute R̂bν from the b−th bootstrap sample.
(3) Compute ŝe(R̂ν), the sample standard deviation of the replicates R̂
b
ν .
(4) Compute T b = R̂
b
ν−R̂ν
ŝe(R˜bν)
, b = 1, 2 . . . , B. To find ŝe(R˜bν) one need to ob-
tain further bootstrap sample (X∗b1 ,X
∗b
2 , ...,X
∗b
n ) from (X
b
1,X
b
2, ...,X
b
n).
(5) Find the (α/2)−th and (1 − α/2)−th sample quantiles Tα/2 and
T1−α/2, from the ordered sample of replicates T b.
Table 1. Exponential distribution (λ = 1)
n Interval Coverage probability Average length
20
Boot_t 91.97 0.3397
BCEL 93.77 0.3149
JEL 94.18 0.3046
40
Boot_t 92.12 0.3223
BCEL 93.97 0.2590
JEL 94.42 0.2016
60
Boot_t 93.60 0.2163
BCEL 92.35 0.1989
JEL 94.19 0.1642
80
Boot_t 94.52 0.1931
BCEL 94.28 0.1426
JEL 94.94 0.1391
First, we simulate observations from unit exponential where the true value
of R3 is 0.67. We find 95% confidence intervals for relative S-Gini index using
all three methods discussed above. The coverage probability and average
length obtained for different sample sizes are reported in Table 1. Next, we
find the confidence intervals for Rν when observations are generated from
Pareto distribution with survival function F¯ (x) = (kx)
α; x > k. When k = 1
and a = 10, the true value of R3 is 0.068. The coverage probability and
average length of the confidence intervals obtained for Rν correspond to
Pareto case are reported in Table 2.
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Table 2. Pareto distribution (α = 10, k = 1)
n Interval Coverage probability Average length
20
Boot_t 90.82 0.1102
BCEL 91.71 0.0904
JEL 92.70 0.0844
40
Boot_t 92.30 0.0768
BCEL 94.00 0.0589
JEL 94.93 0.0559
60
Boot_t 92.76 0.0683
BCEL 95.21 0.0725
JEL 94.18 0.0455
80
Boot_t 95.70 0.0469
BCEL 95.81 0.0640
JEL 94.88 0.0337
Table 3. Log normal distribution (µ = 0, σ2 = 1)
n Interval Coverage probability Average length
20
Boot_t 91.80 0.1102
BCEL 92.34 0.0904
JEL 92.82 0.0844
40
Boot_t 92.97 0.0768
BCEL 94.83 0.0589
JEL 94.96 0.0559
60
Boot_t 93.70 0.0683
BCEL 94.92 0.0725
JEL 94.85 0.0455
80
Boot_t 94.90 0.0469
BCEL 95.01 0.0640
JEL 94.98 0.0337
When the sample size increases, Boot_t and BCEL are comparable for
the exponential distribution, but these show some over coverage problems for
Pareto distribution. In almost all cases, Boot_t has wider length compared
to BCEL except for Pareto distribution when n = 60. For small samples,
JEL performs better than Boot_t as well as BCEL in terms of average
length. Giorgi et al. (2006) explained the superiority of Boot_t intervals over
normal approximation based intervals for relative S-Gini indices. Qin et al.
(2010) discussed the performance of bootstrap calibrated empirical likelihood
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Table 4. Empirical type 1 error for different values of ν
n Exp(1) Pareto(1,2.5) Log normal(0,1)
ν = 2
25 0.098 0.087 0.123
50 0.066 0.068 0.109
100 0.062 0.060 0.089
200 0.056 0.056 0.066
300 0.051 0.052 0.060
ν = 3
25 0.106 0.099 0.120
50 0.068 0.069 0.105
100 0.062 0.064 0.085
200 0.055 0.057 0.062
300 0.051 0.052 0.058
ν = 4
25 0.990 0.892 0.114
50 0.066 0.068 0.109
100 0.062 0.061 0.080
200 0.051 0.055 0.060
300 0.051 0.052 0.056
ν = 5
25 0.951 0.872 0.111
50 0.064 0.066 0.106
100 0.060 0.058 0.079
200 0.051 0.052 0.058
300 0.050 0.050 0.053
intervals over Boot_t intervals for Gini index. In our simulation study,
in most of the cases, the jackknife empirical likelihood confidence interval
performs better than the Boot_t and the bootstrap calibrated empirical
likelihood confidence intervals for relative S-Gini indices.
Finally, we generated observations form log normal distribution with pa-
rameter µ = 0 and σ2 = 1. The true value of R3 is 0.660 and the result of
the simulation study is reported in Table 3. From Table 3 it is clear that
the JEL intervals has better coverage probability and shorter length than the
Boot_t and BCEL intervals. For large sample size, even though the coverage
probabilities of JEL and BCEL intervals are almost equal, JEL confidence
interval has shorter length.
Next, we find the empirical type 1 error of the JEL based test and the
result is reported in Table 4. We find the type 1 error rate for ν = 2, 3, 4, 5
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when the samples are generated from standard exponential, Paeto with pa-
rameters k = 1 and a = 2.5 and standard log normal distributions. From
Table 4, it is evident that the empirical type 1 error reaches the nominal
value α = 0.05 as the sample size increases.
In Tables 5, 6 and 7 we report the empirical power of the JEL based test
when the alternate hypothesis is specified by the scenario given below.
1) R2 = 0.218, R3 = 0.479, R4 = 0.609, R5 = 0.687 (X ∼Exp(0.8))
R2 = 0.382, R3 = 0.588, R4 = 0.691, R5 = 0.753 (X ∼Exp(0.9))
R2 = 0.777, R3 = 0.851, R4 = 0.888, R5 = 0.911 (X ∼Exp(1.5))
2) R2 = 0.148, R3 = 0.181, R4 = 0.200, R5 = 0.210 (X ∼Pareto(1, 4))
R2 = 0.111, R3 = 0.142, R4 = 0.157, R5 = 0.166 (X ∼Pareto(1, 5))
R2 = 0.052, R3 = 0.068, R4 = 0.076, R5 = 0.081 (X ∼Pareto(1, 10))
3) R2 = 0.711, R3 = 0.836,R4 = 0.884, R5 = 0.910(X ∼ Log normal(0, 1.5))
R2 = 0.842, R3 = 0.930, R4 = 0.958, R5 = 0.971 (X ∼Log normal(0, 2))
R2 = 0.966, R3 = 0.991, R4 = 0.996, R5 = 0.998 (X ∼Log normal(0, 3))
From Tables 5, 6 and 7 it is clear that the proposed JEL test has good power
even for small sample size in all the nine alternatives specified above.
5. Application to real data
We illustrate the proposed JEL based method using per capita personal
income data of the United States. The data is collected from U.S. Bureau of
Economic Analysis and it is available on https : //www.bea.gov. The data
illustrates quarter wise per capita personal income for the states in U.S. for
the period 2013 to 2017 and is reported in dollar. Relative S-Gini index for
v = 3 is calculated for each quarter and presented in Table 8. It can be
noted that R3 is slightly lower for the year 2016 and 2017. It suggest lesser
inequality for that period.
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Table 5. Empirical Power: Exponential Distribution
n θ = 0.8 θ = 0.9 θ = 1.5
ν = 2
25 0.739 0.742 0.740
50 0.973 0.974 0.962
100 0.995 0.999 0.984
200 1.000 1.000 1.000
ν = 3
25 0.753 0.766 0.794
50 0.966 0.979 0.894
100 1.000 1.000 1.000
200 1.000 1.000 1.000
ν = 4
25 0.780 0.794 0.798
50 0.980 0.986 0.990
100 0.995 1.000 1.000
200 1.000 1.000 1.000
ν = 5
25 0.786 0.808 0.804
50 0.990 0.996 0.994
100 1.000 1.000 1.000
200 1.000 1.000 1.000
Table 6. Empirical Power: Pareto Distribution
n α = 4, k = 1 α = 5, k = 1 α = 10, k = 1
ν = 2
25 0.796 0.802 0.780
50 0.930 0.944 0.934
100 0.965 0.989 0.949
200 0.997 1.000 0.992
ν = 3
25 0.753 0.766 0.808
50 0.866 0.879 0.885
100 0.999 1.000 1.000
200 1.000 1.000 1.000
ν = 4
25 0.780 0.794 0.795
50 0.838 0.846 0.850
100 0.955 0.959 0.962
200 0.999 1.000 1.000
ν = 5
25 0.706 0.708 0.717
50 0.902 0.917 0.930
100 0.962 1.000 1.000
200 1.000 1.000 1.000
We find the confidence interval for R3 using jackknife empirical likelihood
method and the result is reported in Table 8. From Table 8 we can see that
the average length of the intervals is higher for the year 2015 to 2017. This
explains that the data for these years have more variability compared to that
of previous years, 2013 and 2014, across the states of US .
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Table 7. Empirical Power: Log Normal Distribution
n µ = 0, σ2 = 1.5 µ = 0, σ2 = 2 µ = 0, σ2 = 4
ν = 2
25 0.576 0.582 0.579
50 0.730 0.774 0.742
100 0.935 0.959 0.940
200 0.998 1.000 1.000
ν = 3
25 0.583 0.566 0.570
50 0.766 0.763 0.759
100 0.991 0.979 0.984
200 0.998 1.000 1.000
ν = 4
25 0.590 0.594 0.590
50 0.798 0.786 0.792
100 0.955 0.950 0.953
200 0.999 1.000 1.000
ν = 5
25 0.606 0.908 0.990
50 0.806 0.990 0.990
100 0.962 1.000 1.000
200 1.000 1.000 1.000
Table 8. Per capita personal income: 95% confidence interval for R3
Quarter R̂3 Lower limits Upper limits Average length
Q1 2013 0.1509 0.1071 0.2152 0.1081
Q2 2013 0.1510 0.1069 0.2103 0.1034
Q3 2013 0.1508 0.1070 0.2044 0.0974
Q4 2013 0.1519 0.1074 0.2056 0.0982
Q1 2014 0.1514 0.1078 0.2264 0.1186
Q2 2014 0.1512 0.1074 0.2241 0.1167
Q3 2014 0.1515 0.1068 0.2250 0.1182
Q4 2014 0.1510 0.1060 0.2205 0.1145
Q1 2015 0.1506 0.1057 0.2750 0.1693
Q2 2015 0.1509 0.1059 0.2577 0.1518
Q3 2015 0.1503 0.1055 0.2553 0.1498
Q4 2015 0.1501 0.1055 0.2518 0.1463
Q1 2016 0.1501 0.1050 0.2749 0.1699
Q2 2016 0.1503 0.1050 0.2761 0.1711
Q3 2016 0.1506 0.1056 0.2745 0.1689
Q4 2016 0.1502 0.1052 0.2759 0.1707
Q1 2017 0.1490 0.1034 0.2757 0.1723
Q2 2017 0.1500 0.1048 0.2689 0.1641
Q3 2017 0.1503 0.1055 0.2749 0.1694
Q4 2017 0.1506 0.1057 0.2750 0.1693
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6. Conclusion
Gini index are generalised into many families of income inequality measures
and S-Gini indices is one among them. S-Gini indices are extensively used to
study income inequality and to evaluate the performance of stocks in finance.
We obtained simple non-parametric estimator for S-Gini indices and proved
the asymptotic properties of the proposed estimator using the asymptotic
theory of U-statistics. We derived the limiting distribution of empirical log
likelihood ratio as well as jackknife empirical log likelihood ratio for rela-
tive S-Gini indices. The simulation study shows that JEL based confidence
interval performs better than that of bootstrap-t and bootstrap calibrated
empirical likelihood confidence intervals in terms of coverage probability and
average length. The simulation study also shows that the proposed JEL
based test has well controlled error rate and have good power for differ-
ent alternatives. Finally we illustrate our method using per capita personal
income data of the United States.
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